STEP MATHEMATICS 3
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Mark Scheme



1. (i) The line through P and Q is
y—ap® _y—aq’
x—2ap x-—2aq

Alternatives
y—ap? _ap®’—aq® p+q
x—2ap 2ap — 2aq 2

y—aq® _ap®’—aq® p+q
x—2aq 2ap - 2aq 2

or multiplied to remove denominators.

M1

O —ap®)(x - 2aq) = (y — ag®)(x — 2ap)
(2ap — 2aq)y + 2a*(p?q — pq?) = (ap® — ag®)x
P and Q are distinct thus p # g andsop —q # 0
Therefore 2y 4+ 2apq = (p + q)x thatis (p + @)x — 2y — 2apq =0
Al

The perpendicular distance of (0,3a) from the line PQis 2a which requires

—6a — 2apq ‘
= 2a
Vil +9?r+4)
M1Al1Al1Al1
thatis (pg+3)>=(@P+q)*+4 M1 A1l
ie. (p+q)?>=p?q>+6pg+9—4=p?qg°+6pg+5 (*)
A1* (9)

Alternatives M1A1 as before
(1) (p+q)x —2y —2apqg =0 meets x? + (y — 3a)? = 4a? when
4(y +apq)* + (p + 9)*(y* — 6ay + 5a*) = 0
M1 Al
(4+ @+ »y* - (6al + q)* — 8apq)y + (5a*(p + @)* + 4a’p?q®) = 0

Al

Thus using (p + q)? = p?q* + 6pq + 5, M1

(pq +3)%y* — 2a(pq +3)(Bpq + 5)y + a*(Bpq + 5)* = 0

which is a perfect square, Al



so (pq + 3)y —a(3pq + 5) = 0 which only has a single root so the line is a tangent. A1 AL*

(1) Foot of perpendicular from (0,3a) to (p + q)x — 2y — 2apq = 0 is at intersection with
p+qy+2x=3al(p+q) M1A1

So solving (p + @)%y + 4y + 4apq = 3a(p + q)? Al

3a(p+q)%-4apq
=———— "% and x =
y (p+q)2+4 2

(p+q) (3 _ 3a(p+q)2—4apq) _ 2a0+@)(3+pq)
(p+q)*+4 (p+q)*+4

Al

and so the square of the distance is M1 Al

p+q?+4 P+?+4] |p+q?+4

_ (B+4a’pg)®
RPN

2 2 2
2a(p+q)(3+pq)] N [4a(3+pq)] _ 2a(3+pq)] @+ @+0)?)

2

using given condition. A1*

(Ill) Method is possible by differentiation of circle equation. Partial or incorrect solution by this
method zero marks; completely correct solution full marks; completely correct solution except minor
inaccuracy, withhold one accuracy mark and final accuracy mark.

(ii) (*) can be re-written
*(P* -1 +4pqg+ (5 -p*) =0
M1

Considering this as a quadratic equation for g, to be two distinct roots, p? — 1 # 0 (it is given that
p? # 1) E1 and the discriminant needs to be positive.

16p2 —4(p? —1)(G—p?) =4@(@*—2p?+5) =4(p?-1)?+16 >0
as required. M1 Al

__~4p _ (5-p®
41 + > = (2-1) ’ 9192 = (p%2-1) Al A1 (6)

I~
—

(iii) Given P, with p? # 1, by (i) points O and O can be defined with parameters q; and g, where
q1 and g, are the roots of (*). So by (i), PQ: and PQ, are tangents to the circle centre (0,3a) radius
2a.E1

The perpendicular distance of (0,3a) from the line 0:10: is

2
—6a—2a(5 28]

_ -1 |_,, @ -D+GE-pH

_ap |2 \J16p2 + 4(p? — 1)2
j(((pz - 1)) * 4)

—6a — 2aq1q,
V@1 +92)2+4)

M1 A1l



2p% +2
JAp* + 16p2 + 4

=2a

|=2a

Al

Alternative Q0 is the third such line provided that (q,q, + 3)? = (q; + q2)* + 4

e 1 7
(Q1QZ+3)2—(Q1+‘12)2—4—[(l)z—_l)+3] _[(pz——l)] —4
_4@*+ 1) —16p° —4(p® —1)* 0
- (p?2 —1)? -
M1 Al A1l

Thus PO1Q:is the triangle required. E1 (5)



2. (i)

G1G1G1G1

At intersection, when 0 = a, k(1 +sin@) =k + cos 6
Therefore, ksina = cosa, thatis, tana = % B1* (5)
(ii) Area Ais

1( . 2 K2 [ . .
Ef(k(1+51n9)) d9=7f1+251n9+sm29d9
0 0

M1

a
—sz1+2 ing 41760826 o K [39 2 cosh — s ze]a
—2 Sin 2 —2 2 CoS 4Sln .
0

dv1l Al

a2 cosa— tsnza+2)= £ L0 2 cosa~ L sinacosa+2]
= ) 20! cosa 4sm a = 2 20.’ cosa ZSIHCICOSO!

2
= —(Ba —sinacosa) + k?(1 — cos a)

4
Al* (4)
(iii) AreaBis
1[0 1[0 1[0 1+ cos 26
Ej(k+cost9)2d9 =§Jk2+2kc059 +cos? 6 do =Ejk2+2kcost9 +T do
a a a
M1 M1

—1[k29+2k'9+19+1'29]n—1{k2 + L k?q - 2ksing — = 1'2}
—2 Sin 2 4Sln a—z T 2 04 Sina 2 4Sln a

Al



2 T 2 o %1
k7'[+2 kca — 2k sina > 2smazcosoz

Bk N R

{(2k?m +m — 2k?a — 4k sina — a — sina cos a}

Al (4)

1

. . 1 , 1
(iv) Ask — oo, a is small as tana =~ soa = sina ~ tana = and cosazl—ﬁ M1

Area Ais S + terms of lower orderin k Al

2
Area B is kz—n + terms of lower order in k Al

. k?m .
So, area R is - + terms of lower order in k

AreaTis

1 1
Ef(k + cos0)%dO = 7 2k?m +m)
0

or alternatively, use of result from (iii) witha = 0

L. k2 .
which is Tn+terms of lower orderin k B1

Thus, as required,

AreaSis

2
area of R Tn + terms of lower order in k

area of T kz_rr + terms of lower orderin k

El
T

1 : 2 k? 3
—f(k(1+51n9)) d9=—><37r+2k2=k2< +2)
2 4 4

0

or alternatively, use of result from (ii) witha =«

Thus

B1

T
area of R 5 27
- =
area of S 3 3+ 8
(7+2)

Al(7)



3. (i) shirepresents a vector perpendicular to the vector represented by b. E1 Thus, the two points
represented by a + sbi are equidistant from the point represented by a E1 and they are joined to it
by vectors which are perpendicular to that joining it to C so they form a base of a triangle which has
altitude from a to a + b and has two equal length sides, by Pythagoras. E1 (3)

Alternative Distance a + b to a + shi is |(a + sbi) — (a + b)| = |b||si — 1| = |b|Vs?2 + 1 assis
real, E1 and distance a + b to a — sbhi is |(a — sbi) — (a + b)| = |b||—si — 1| = |b|Vs? + 1 ,E1
so two equal length sides. E1

a is represented by the midpoint of the base. B1 b is represented by the vector joining the midpoint
of the base to the other vertex. B1 s is the scale factor that the magnitude of the altitude is
multiplied by to obtain half the base. B1

angh,

(3)

(i) We require complex a and b and real s such that

(a+sbhi)+(a—sbi)+(a+b)=0 =>b=-3a

M1 Al
and
(a + sbi)(a — sbi) + (a — shi)(a + b) + (a + b)(a + sbi) =p
so
a’?+s?b?+2a(a+b)=p =3a®(Bs? -1 =p
Al
and

(a + shi)(a —shi)(a+ b) = —q = —2a3(9s? +1) = —q

Al



Therefore

p® [3a*(3s*-1)]® 27(3s* —1)°
g2 [2a3(9s2+ D]2 4(9s? + 1)2

A1* (5)
(i)
_Bx-1)°
Y= ox+ 1)?

. 1 . . 1
has x intercept at (5 , 0) , v intercept at (0, —1) G1 avertical asymptote at x = -3 and an

asymptote y = éx asx -t .Gl

dy (9x+1)?9(3x — 1) — 3x — 1)*18(9x + 1)
dx (9x + 1)*

9Bx—1D*(9x+1-6x+2) 27Bx-1D*(x+1)
- (9x + 1)3 B (9x + 1)3

M1 A1l

Thus, the stationary points are a maximum at (—1,—1) and a point of inflection at G ,O). Gl G1

?14

(6)
(iv) If the roots of z3 + pz + g = 0 represent the vertices of an isosceles triangle, then by (i),
p3 2 Lo p3 27 —-27 (B3x-1)3 . . .
= must be real E1 and as s > 0, from (iii) = >—X—-1=—Elas y = is increasing for
q q 4 4 (9x+1)2

x>0. E1(3)



4. (i) By de Moivre,
cos((2n + 1)0) +isin((2n + 1)0) = (cos 6 + isin§)?"*!
Expanding by the binomial theorem and equating real parts

2n+1
2n

M1 A1l

2n+1

cos((2n + 1)0) =cos?™*1 9 — ( 5

) cos?™10sin? @ + -+ (=" ( ) cos @ sin®"@

2n+1
2n

2n+1

— 2n+1
= cosS 9+( 9

)COSzn_l 0 (cos?6 —1) + -+ ( )C059 (cos?8 — 1)

M1
n
Z n+1 COSzn+1_2T 0 (cos?6 —1)"
T=

Al* (4)

Notice, for (iv), that this expression only contains odd powers of cos 6 .

(ii) The coefficient of x2™*1in p(x) is
n
Z 2n + 1
T=
Bl
2n+1 n n
2n+1 _ 2n + 1 2Tl + 1 2 Zn + 1 2T+1
(4070 = Z (5 + )
r=0 r=0 r=0

Substituting x =1,

n

=y () 261

=0 =0
and substituting x = —1, [\
n n
_ 2n+1 2n+1
0= z ( 2r ) z (Zr + 1)
r=0 r=0

Al

Adding these two results,
22n+1 — ZZ 27'l+ 1

and so the required coefficient is 22™ as required. A1* (4)



(iii) The coefficient of x2" 1in p(x)is

n

Z 2n+1

‘r:

B1
As
il 2n+1 C 2n+ 1\ N 2n+ 1\ 241
(1+x)2n+122( r )xrzz( 2r )xr+z(2r+1) '
r=0 =0 r=0

differentiating with respect to x

n

n
Cn+ 1A +x)*" = Z 2r (an-: 1) x4 Z(Zr +1) (Zn + 1) x?r
=0

2r+1
r=0
M1
Substituting x =1,
n n
omn _ 2n+1 z 2n+1
(2n + 1)22" = Z)Zr( o )+ 0(2r+ 1)(2r+ 1)
r= r=

M1
and substituting x = —1,

n
2n+1 2n+1
ZZT Z(Zr“) 2r +1)

r=0

Al

Subtracting these two results

(2n+1)22"—222 2n+1 =4Z 2n+1
=

and so the required coefficient is
—-2n+1)22" +4 = —(2n + 1)2%272
A1* (5)

AIternative

2n+1 - 2n + 1)! _2n+1Y 2n)!
Z Z Cn—-2r+1D! 2r)! 2 ;(Zn—2r+1)!(2r—1)!

M1



2 2r—1 2 2r+1
=1 =0
M1
As in (ii),
n-1 .
2n ~2n
(Zr + 1) ) 2
r=0
Al
S0
: n+11
_(n+y_ T 2n-2
z r( o )_ S 522" = ~(2n+1)2
r=0
A1* (5)
(iv) Suppose
q(x) = ax™ + bx™ 1+ cx™"2 4 -
then

p(x) = (x + Dfax™ + bx™ 1 + cx™ 2 + -+ ]2
= (x + 1)(a?x?™ + 2abx?""1 + (b% + 2ac)x*™ 2 + --)
= a?x?™*1 + (a® + 2ab)x?" + (b? + 2ac + 2ab)x*™* "1 4 -
M1 A1l
Thus a? = 22", a? 4+ 2ab = 0, and b? + 2ac + 2ab = —(2n + 1)22"2 dM1 A1l

Therefore a = 2" (as a > 0), B1

and
22n—2 + 2n+1c _ 22n — —(Zn + 1)2271—2

s0
2" 3 -2t =—(2n+1)2"3
c=2"3(4-1-2n-1)=2"2%(1-n)

as required. A1*(7)



Rilr
NN

+

<IN

7y + 14x = 2xy
2xy —7y — 14x + 49 = 49
Qx—7)(y—-7) =149
B1*
Thus 2x —7=1,y—7=49,0r 2x—-7=7,y—7=7,0r2x—7=49,y—-7=1
M1
andso (x,y) = (4,56),(7,14), 0or (28,8) Al (3)

(ii)
p*+pq+q®=n?

p*+2pq+q° —n®=pq
(»+q)? —n®=pq
@+q+n)(p+qg—n)=pq
B1*

p+tq+n+pandp+qg+n+gq asp,q, and n areall positive. p+qg+n>p+q—n so

p+q+n=+1 asthat would requirep +q—n =pq > 1. M1
Thus p+q+n=pq andp +q—n =1 asrequired. Al*
Therefore p+gq+p+q—1=pq M1

pq—2p—2q+4=3
(r-2)g-2)=3
dmi
Thus p—2=1,q—-2=3,orp—2=3 ,q—-2=1

Alternative (1)
pq—2p—2q+4=3
pgq—2p—2q+1=0
p(q—2)=2q—-1
_2q—-1 3

2 -
q-—2 +q—2

p

as q # 2 (q = 2 would yield -4+4-3=0) soqg—2=1or3 El

andso (p,q) = (3,5),0r(5,3) Al (6)



Alternative (Il) p+gq+n=pq andp+q—n=1yieldp+qgq=n+1land pg=2n+1
Therefore, p and q are solutionsof t? —(n+ 1)t+ (2n+1) =0

(n+1)+y(n+1)2-4(2n+1) _ (n+1)+y(n—-3)2+12
2 2

Hence t =

For integer t we require that (n — 3)? + 12 is a perfect square (in fact an even perfect square).

Thus the difference of squares between (n — 3)2 + 12 and (n — 3)? is 12. Successive squares, z2
and (z + 1)? differby 2z + 1, whichforz > 6 is > 13. Thus (n — 3) < 5. Then, either by listing
potential solutions exhaustively, or justifying that (n — 3)? + 12 and (n — 3)? have to be squares
differingby 7 + 5 and hence (n — 3)% = 22 giving (p,q) = (3,5),0r (5,3) . ELA1(6)

(iii) If p3 4+ q® +3pq? =n3,andas p, q, and hence n are all positive, then p3 < n3 and
g?<n®sop<nand g<n ,El andhence p+q—n<pandp+q—n<gq .Al*
If
p® +q* + 3pq* + 3pq® = n® + 3pq®
M1
(@ +q)° —n® = 3pq?
dM1

(@+q-n)((p+q*+@+qn+n®) =3pq*
Al
Asp+g—-n<pandp+q—n<q,sop+q—n=1or3 Al

If p+q—n=1 then (n+ 1)3 —n3 = 3pq? and hence 3n? + 3n + 1 = 3pq? M1 which is not
possible as LHS is not a multiple of 3 and RHS is. El

If p+q—n=23,then (n+3)3—n3=3pq? and hence 9n? + 27n + 27 = 3pq?, that is

3(n? +3n+3) =pg? M1So p or ¢ mustdivide 3 and hence mustbe 3 as p and q are
prime. E1

If p=3, then g—n=0 but g <n andviceversaif g =3 E1* (11)



x% x3

X — J— J— cee
e¥=ldx+ o+

1o 1 x?  x3 x?  x3 3 x?
coshx—z(e +e )_E 1+x+i+§+---+1—x+g—§+--- —1+Z+---

2 x? i 2 X 2
cosh”x = 1+?+E+--- =14+x +?+---21+x
B1*

as all terms are of even degree with positive coefficients.

Alternative
h _1("+ "‘)—1+x2+ >1+x2
coshx =5 (e* +e™) = T > -
x2 2 x4
cosh? x > 1+§ =1+x2+721+x2
B1*

f(x) = tan" ! x — tanhx

W2 cosh?x — (1 + x2)
—sech?x =

£(x) =
) 1+ x? (1 + x?)cosh?x

M1

We have shown that the numerator cosh? x — (1 + x?) > 0 and the denominator is positive so
f’(x) = 0 and hence the function f is increasing. E1*

When x =0, f(x) = f'(x) = 0 and for all other x , f'(x) > 0

f(—x) = —f(x)
G1

As x > too, f(x) - + (g - 1) respectively. G1(5)

8\4!‘

R ¢ S e —




(i) (a)

1
g(x) =tan"1x — Entanhx

1 2 cosh? x —m (1 + x?)
Y - 2, =
g'(x) T 22 7 sech” x

2 2 (14 x?)cosh?x

M1
As in (i), the denominator is positive. When x = 0, the numerator=2 -7 < 0. Al

4
The numerator= (2 — m)(1 + x2) + 2 (x? + ) — o asx > . M1 Thus, thereis a value of

x # 0 for which g’(x) = 0 and as g’'(x) is an even function, there is also the value —x . E1 Hence,
there are at least two stationary points for g. (4)

Alternative

g(0) =0 Eland g(x) - 0 as x » oo Eland g(x) is not identically zero E1 so there must be a
stationary point for positive x, and similarly for negative. E1

(b)
d
o [(1 + x?)sinhx — x coshx] = (1 + x?) coshx + 2x sinh x — x sinh x — cosh x
M1
= x2 coshx + xsinhx > 0
for x =0 Al

as x2 >0 and coshx > 1forall x and sinhx > 0for x >0 El

When x =0, (1 + x?)sinhx — x coshx = 0 and we have shown (1 + x2)sinhx — x coshx is
increasing for x > 0, thus (1 + x2) sinh x — x cosh x is non-negative for x > 0. E1 (4)

(c)
d [cosh? x] _ (1 +x?)2coshxsinhx — 2xcosh®?x _ 2coshx ((1 4+ x?)sinhx — x coshx)

dx [1+x2 (1 +x2)2 - (1 +x2)2
M1 Al
2coshx 25 s _
a2 0 forall x and by (b) (1 + x*) sinhx — x coshx for x > 0
cosh?x . . .
so ———isincreasing for x > 0. E1(3)
1+x

(d)

1 [coshzx 1]

g’(x)=1———7rsech2x= Tz 3"

+x2 2 cosh? x



By (c), g’ is increasing for x = 0, and thus there is exactly one value of x forx > 0that g'(x) =0

Similarly, as g’ is an even function, there is exactly one value of x forx < Othat g'(x) =0

Thus there are exactly two stationary points. E1 (1)

(e)

l‘rﬁ

G3(3)



Letx=u2,%=2u,\/§=u M1
1 1 1
ff(\/E) dx = Jf(u) 2udu = 2fxf(x) dx
0 0 0

as required. Al1* (2)

(ii)

1 1

1 1
(g(x) —x)?dx = (g(x))2 dx —2 | xg(x)dx + | x?dx
/ Jlsoy =2 eaco s |

0

M1
1 L 1 1
:fg(\/})dx—g—ZJxg(x)dx+fx2dx
0 0 0
7 1 7 31"
=2ng(x)dx—§ —fog(x)dx+[?]
0 0 0
M1
=0-=+-=0
Al*

(8(x) —x)*=0

So, the area under the graph of y = (g(x) — x)? = 0, and the area can only equal zero if

(g(x) —x)2=0for 0 <x <1 ,thatis g(x) =x. E1(4)
(iii)
1 1
f(h’(x) —x)%dx = J(h’(x))2 — 2xh'(x) + x% dx
0 0
M1

We are given that

1 1
f (h'(x))* = 2h(1) — 2 f h(x) dx —%
0 0

Integrating by parts

1

1 1
foh’(x) dx = [2xh(x)]§ — 2fh(x) dx = 2h(1) — 2fh(x) dx
0 0

0

M1 A1l



and

So,

1 1 . 1 .
f(h’(x) —x)%dx =2h(1) — 2 f h(x) dx — 3 2h(1) -2 f h(x) dx |+ 3= 0
0 0 0

Al
Asin (i) with g, h'(x) = x . Thus h(x) = %xz + ¢ but h(0) =0 so ¢ =0 and thus h(x) = %xz
E1 M1 A1 A1(8)

(iv)
) 1

f(e%ax k(x) — e_%ax) dx = f ea"(k(x))2 — 2Kk(x) + e~ dx
0

0

M1 dM1
! —-a 1 1 a 1
= 2fk(x) dx+———2———2fk(x) dx — [—]
a 4 0
0 0
e 11 e‘a+1_ 1 1 1  4-4a+ad? (2 —a)?
T a a® 4 a a a? a 4 4q2 B 4q2
Al Al
1( lax “Lax z (2-a)?
As before, fo (ez k(x) —e 2 ) dx >0 but —=—=<0
1( lax “Lax 2 (2-a)?
Therefore, fo (ez k(x) —e 2 ) dx =0 and = 0 E1

1 1
Thus ez k(x) —e 2 =0 and 2—a =0

So a=2 and k(x) = e % = ¢~2* A1l (6)



8. (i)

—-X

y = xe
d
% =eF—xe*=(1—-x)e”*
dzy —x —x -x
2o e —(1=x)e ™™= (x—-2)e
d’y . dy x xp pgex
E+25+y= (x—2)e™*+2(1—-x)e*+ xe™*=0
M1 Al
d
x =0, y=xe *=0, %=(1—x)e‘x=1
B1*
Forx <1, (1—-x)=0,e*>0, so %=(1—x)e‘x20 E1(4)
(ii) From (i),
g1(x) = xe™
Bl
Consider

y = g2(x) = (a+ bx)e”

for x > 1 B1

2
Then g, must be a solution of %— 22—2: +y=0, g,(1)=g,(1), and g';(1)=¢g,(1)

dy
T be* + (a + bx)e* = ((a +b) + bx)ex
dzy X X X
ke be* + ((a +b) + bx)e = ((a +2b) + bx)e
d’y dy . . .
E—Za+y= ((a+2b)+bx)e —2((a+b)+bx)e + (a+bx)e*=0
as required.

g1(D) =g, () =>e™ =(a+b)e
g1(1) =g>2(1)=>0=(a+2b)e
M1 Al
So a = —2b andthus b = —e~?
Hence, g,(x) = (2e72 — e 2x)e* = (2 — x)e* 2 A1lft (5)
(iii) y = go(x) is a reflection of y = g;(x) in x = 1, B1 which can be justified by substituting for

xusing xX'=2—-xin y=g,x), xe*=(2- x’)e""2 as expected. E1 (2)

i = k(c — Y _ W — Y _ e —
(iv) If y =k(c —x) ,then = k'(c —x), and dxz—k(c x) M1



So ——p%+qy=k”(c—x)+pk’(c—x)+qk(c—x)=O Alprovidedthat r<c—x<s

ie.c—s<x<c-—r B1(3)

(v) If h(x) = e *sinx, then h'(x) = —e ¥sinx + e ¥ cos x,
IE__—E.E _r E—_i _r i_E_ . .
soh(4)— e +sin_+e +cos, = ok 4+\/§e + =0 as required. Bl

(a) Using (iv), the solution for %n <x< Zn must be y = e~ (e sin(c — x) M1 where

1
—%ns (c—x) S%n. M1 That is c=%n .So y=e*"2"cosx Al

X

. . 5 9 —x-1
(b) Similarly, the solution for 2T <x< 2T mustbe y = e 2" cos(c — x) where

%ns (c—x) Szn . Thatisc=§n.Bl Soy = e?™ *sinx B1(6)



G1 (1)

(ii)
X =x+rcosél

X=x-rsin6é
X =%—7rcosf 6% —rsinf 6
Y=y—rsin6
Y=9y—rcosf 6
Y =9 +rsinf 6% —rcosh 8
B1B1 (2)

(iii) The acceleration of A perpendicular to the string is X sin8 + y cos @, E1 and likewise for B is
X sin@ 4+ Y cosf so resolving for each in that direction, X sin@ + y cos8 = 0 and
X sin@ + Y cos@ = 0 as only force is parallel to the string. E1

(alternatively, resolving forces in x,y for both particles, and adding necessary equations gives both
results — need to show each equation for each E mark)

Substituting for X and Y using the results in (i),
(# —7rcos® 62 —rsinf 6)sin@ + (¥ +rsind 62 —rcosd 6 )cosd =0
M1
(also may just notice sin 0 (X — %) + cos 6 (Y —y) =0)

Thus
(% sin@ +§ cosf) —rf =0

Alft
andsor§=0,i.e.§=0 Al

Integrating, & = k Initially, y =u and Y =0 when 8 = 0 sousing Y =y —rcos@ 8, initially
0=u—r9andsok=%. M1A1



.u
0 =—
T

and so, integrating, 8 = % t + c, and using the initial conditions, ¢ = 0

Hence,
ut
0 =—
T
as required. M1 A1* (9)
(iv) Resolving in the x direction for m, mX =T cos 8, and for M, MX = —Tcos0 , so adding,

m# + MX = 0. Likewise in the y direction, mj = —T'sinf , MY = T'sin@ , giving mj + MY = 0.
El

Integrating this, my + MY = mu, using initial conditions. Integrating again and applying initial
conditions, my + MY = mut. M1 A1 (3)

ut
T

(v) As Y=y—rsin9,my+M(y—rsin6)=mut,somy+My—Mrsin( )=mutandthus,
g e s (2
Y= rsin{—
E1A1* (2)

(vi) Differentiating,

. 1 u ut u ut
y= (mu + Mr —cos (—)) (m + M cos (—))
T T T

m+M =m+M
M1 Al
When (uTt) =n,y=m1:M (m—-M) <0 if M>m asrequired.

E1(3)



10.

)mg,# | T

h
N B : h RO
A
A N
A F
G3
(i) Resolving vertically for the particle T = kmg B1
Taking moments about A for the beam 3mghsin2f = T2hcosf M1A1
Thus k = 3sinf Al(7)

Resolving horizontally for the beam F =T cosf = kmgcosff M1
Resolving vertically for the beam N + Tsinff = 3mg B1

Thus N = 3mg — kmg sin§ = 3mg — 3mg sin? § = 3mg cos? 8 Al
As F < uN, kmg cos 8 < u3mg cos? B so k < 3ucosp M1

Thus k? < 9u?cos? B = u?(9 — 9sin? B) = u?(9 — k?) = 9u? — u?k?
So k? + u%k? <9u? andso k% < ;le as required. M1 A1* (6)

Alternative

Considering, total force at A as R, there are three forces acting on the beam which must be
concurrent, M1 and so line of action of R passes through midpoint of BC, A1 and thus the angle of

k/3 k2
1_(k/3)2 9-k

(ii) From (i) F =T cosf = kmgcosf =2mgcosfS Bl

2
friction must be atleast §.Alu >tanf = Mlso u? > = k%< % M1A1 (6)

Moments about A for the beam 3mghsin2f + mgxhsin2f = T2hcos§ = 4mgh cos 8

Hence 3sinf + xsinf = 2 and thus sinf = 32? M1A1

Resolving vertically N + T'sinf8 = 3mg + mg andso N = 4mg — ng;r—x = 4mg§%

F? 4m?g*cos? B(3+x)*  (3+x)? (1_( 2 )2>

NZ 16m2g2  (2+x)2 42+ x)? 3+x
x>+ 6x+5

- (B4 -4 =2
220z BT =D =75



as required. M1 A1*

1 F? 4Q+x)?-3(x*+6x+5) x*—2x+1 (x—1)?

R = = >0
3 N2 12(2 + x)2 12 +x2  12(2+x)2°

Thus
F? 1

<z
NZ2™3

. N . 1 1.
and so to be in equilibrium whatever the value of x , we require u = W and hence 5 the

5
minimum value of u . M1A1(7)



11.
k k

® k+1 X ®© X o X
IR W R
k! k=1 k! k=1 (k—1)!

k=1
M1

=z ok' —ltx Zkl(k_]-)'

k

© X
=ex—1+xz F=ex—1+xex=(x+1)ex—1
k=0 I

as required. A1* (3)

Alternative

Z‘” k+1 . d Z‘” xk+1
—_— =
-1 k! dx k=1 k!

k=1
M1
_d 2"0 xk 1) - d (-1
~dx\ " Lo k! =g (™= 1)
M1
=(x+1e*-1
as required. A1* (3)
() (@) P(D=0)=P(N=0)=e™ B1
(b)
E(D) = Z d P = d)
a=1
M1
L o 1 nke—n
P(D=d)=z P(D = d|Y = k) P(Y=k)=2 -
k=d k=ak k!
M1
So
E(D) = Z p Z 1 nke ™
d=1 k=ak k!
as required. Al1%*(4)

zw Zm = (L) + (1,2) 4+ (2,2) + (23) + -+ (33) + (3,4) + -~
d=1 k=d

=1D+@12)+22)+(13)+(23)+(33) + -



Y 2
k=1 a=1

E1 Al

So
-n

E(D)_Zoo dzoo 1 nke—n_zoo Zk dlnke—n_zoo 1nke Zk p
- Liga k=ak k! Lk a=1  k k' Lk k! d=1

A1%(3)

(c)

Thus

)=y 2 e . R (R

k=1k k! k=1
B1 M1 Al

by using the result of the stem

1
=§(n+1—e‘")

A1%(4)
(i) (a)
PZ=0)=) PE=0M=X) Pl =X) =y~ e
M1
1 _1-e™ 1-e™
"¢ 1-eT nle-1
A1l(2)
(b)
E(Z) = z;s P(Z=s)= Z;s Z;% P(X, = 5)
M1
- %Zzzlz:;sp(xk = 5)

M1

l( +1)> n+1-e™)=ED)

12” I 1n(n+1)

ndag=1 n 2

Al A1(4)



12. (i) There are (;Z) ways of choosing 2k socks from 2n . E1 If there is no pair of socks, then the

2k socks must be of different colours; the colours can be chosen (an) ways and for each colour

there are 2 ways of choosing a sock of that colour. E1 Hence the probability of no pairs is
( n ) 22k
2k

(21

B1(3)
Alternative

The probability that all socks chosen do not include any pairs is

2n 2n—2 2n—4 2n—20R2k—-1)
_x X x...x
2n 2n—1 2n-2 2n—2k+1

as having removed r different socks leaves only 2n — 2r possibilities from the remaining 2n —r .

E1
2n ><2n—2><2n—4>< ><2n—2(2k—1) _22n(n—1) - (n -2k +1)
2n " 2n—-1"2n-2 2n—2k+1 (Zn)!/
(2n — 2k)!
22kn! (2n)! - n! (2n)!
= = =2°"x -
(n—2k)! (2n-—2k)! (n—2k)!(2k)! (2n—2k)! (2k)!
E1
ny\ 52k
()2
2n
(%)
B1(3)

(ii) For X, x = 7, there must be 2r socks that are pairs and 2k — 2r that are of different colours. E1

The colours of the pairs can be chosen (Z) ways and the colours of the remaining 2k — 2r

n—r
individual socks can be chosen from the remaining n — r colours (Zk _ Zr) ways E1: for each

colour chosen for an individual sock there are two choices of which sock of the pair is chosen. E1

Hence,

(r) (a Izﬁr) 2 () (2{2_{@) e
(2%) (2%)

A1*(4)

P(Xpp=1) =

(iii)



_ n—1 n —_T' 22(k—r)
P(Xp_1p-1=7—1)= k(ZZ:_ 11) (T - 1) ((22(11;_ Zr;)

2k -2
M1A1

k(2k — 1)
2n—1

_kQk-1D-D!'Q2k-2)!2n—-2k)! , n—r 2201
T C2n-Dm-n'@r-1! 2n-2)! (Z(k—r))

Al

~ 1 k2k — 1@k —2)!(n - DI@n -2k n—7 54 )
T (2n-1)(2n-2)! (r—1)! (n—mr)! (2("_”)

M1A1

_ 1 kQk—DI(n—D!'@2n—-2k)!y n—r 2201
T @2n-1! (r-1)! (n—r)! (Z(k—r))

M1

_2n 2K)!(n-1D!2n-2k)!' n—r 2201
T@n)! 2 -D'(n-1) (Z(k—r))

_2n(n—1)!r(2n—2k)!(2k)! n—r 2(k=1)
220! ritn-r)! 1 (Z(k—r))z

_ n! (2n — 2k)! (2k)! ( n—r

) (2n)! 2(k — r)) 22
Al
Y NTT N S 2k-1)
=7 (r) (Z(k ;TT;)) ’ = TP(Xn,k = T)
(3)
A1*(8)

Or alternatively, in the OPPOSITE DIRECTION

(1) (20— ) 227

(z1)

rP(Xn,k = r) =r

M1A1
n! @2n-=2k)'Q2K)! s n—7r .
1) (2n)! (Z(k - r)) 22em

Al

_2n(n—1)!r(2n—2k)!(2k)! n—r 2(k=1)
220! ri(n-1)! 1 (Z(k—r))z

M1A1



o 2n 2RI -D'2n-2k)!y n—r 220e=1)
T@2n)! 2 (-Din-1) (Z(k—r))

M1

1 kQk—DI(n—D!'@2n—-2k)!y n—r _
(20k = ry) 22

“(@2n-1! (r-1! (n—r)!
~ 1 k2k — D@k - 2)!(n - DI@n -2k n—7 54 )
T (2n-1(2n-2)! (r—1)! (n—n)! (2(" B r))

_ kQ2k —1)(n— 1! (2k — 2)! (2n — 2k)! n—r 220kr)
T @2n-DMm - -1)! 2n-2)! (Z(k—r))

k=1 (7 1) G )24

2n—1 2n—2
(2% ~2)
A1
k(2k — 1)
=1 [k =)
A1*(8)
k ke kK k(2k —1)
E(Xnx) = Erzorp(xn_k =7)= Zr:1rP(Xn_k =r) = zmmp(’%—m—l —r—1)
M1 M1A1
kK —1) okt L k@k-1)
=TT Loy B = 1) =y

M1 A1(5)



